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Abstract 

We show that, for a generic choice of a point on the Coulomb branch of any M = 2 
supersymmetric gauge theory, it is possible to find a superpotential perturbation which 
generates a metastable vacuum at the point. For theories with SU(N) gauge group, such 
a superpotential can be expressed as a sum of single-trace terms for N = 2 and 3. If 
the metastable point is chosen at the origin of the moduli space, we can show that the 
superpotential can be a single-trace operator for any N. In both cases, the superpotential 
is a polynomial of degree 3iV of the vector multiplet scalar field. 
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1. Introduction 

Since the discovery of metastable vacua in massive SQCD in |IJ], supersymmetry break- 
ing at metastable vacua has attracted wide attention. Following their idea and techniques, 
various phenomenological models have been proposed Moreover, one can construct 

supersymmetry breaking models in the context of string theories as a low energy theories 
on D-branes [PffTTE- These works are done in free magnetic ranges [|T8], where metastable 
vacua can be found by perturbative analysis. 

In this paper, we will take a different route and study the Coulomb branch of M = 2 
supersymmetric gauge theory |19[ , perturbed by a small superpotential. As pointed out in 



0, an addition of a mass term W = m(p 2 for the vector multiplet scalar field </> does not 
lead to metastable vacua; only saddle points occur. We show that metastable vacua can 
be generated by choosing a more general form of superpotential, at almost any point on 
the moduli space in any M = 2 supersymmetric gauge theory. This follows from the fact 
that the sectional curvature of the Coulomb branch moduli space is positive semi-definite. 
This provides another indication for the ubiquity of metastable vacua in supersymmetric 
gauge theories. 

Gauge theories realized in string theory often have superpotentials which have only 
single-trace terms. For theories with SU(N) gauge group, a single-trace superpotential 
can generate a metastable vacuum at any point in the Coulomb branch when N = 2 and 
3. We also study the case when the metastable point is chosen at the origin of the moduli 
space. In this case, we find that the superpotential can be a single-trace operator for any 
N. In both cases, the superpotential is a polynomial of degree 3iV in terms of the vector 
multiplet scalar field 0. 

This paper is organized as follows. In section 2, we show that a metastable vacuum 
can occur at a generic point on the Coulomb branch with an appropriate choice of a 
superpotential. After developing the general framework, we discuss the case of the SU(2) 
theory without matter multiplet in detail to show how the mechanism works. In this 
case, the potential can be drawn as a three-dimensional graph, where we can see how a 
metastable vacuum is generated explicitly. In section 3, we estimate the life-time of such 
metastable vacua. 

In the appendices, we study several examples explicitly. In Appendix A, we study the 
moduli stabilization in the semi-classical regime. In Appendix B, we study the case with 



SU (N) gauge group |2~I| , P2"1 . Although the expression for the metric is complicated for 



general N, we are able to compute its curvature at the origin of the moduli space. Using 
this, we find an explicit form of the superpotential that generates a metastable vacuum 
at the origin. In this case, the superpotential can be chosen as a single-trace operator. 
Explicitly, in terms of the gauge invariant operators u r = tr(<^> r ), the superpotential 

»r J 1 (N-l) 2 1 \ 

W = X [n UN + -6N^A^ U3N ) 

for small coupling constant A produces a metastable vacuum at the origin of the moduli 
space for any N, where A is the scale of the gauge theory. 



2. General consideration 

In this section, we show how to construct metastable vacua in the Coulomb branch 
of an arbitrary Af = 2 supersymmetric gauge theory with gauge group G, possibly with 
hypermultiplets, by introducing a small superpotential. The key property of Af = 2 gauge 
theory is that the metric for the moduli space is (the rigid limit of) special Kahler. The 
effective Lagrangian at the Coulomb branch is generically Af = 2 £7(l) rank G supersym- 
metric gauge theory and is described by 



4fla T~f a\ ~Xi , 1 f j2 fl ^ ^)mMt-/ ^2 1) 



where i,j = 1, • • • , rank G. It follows that the metric on the moduli space A4 is given by 

d 2 J r (a) 

= haT " = Im a^r ' (2 ' 2) 

Later in this section, we will show that this relation implies that any sectional curvature 
of the curvature operator R is positive semi-definite. That is, for any given holomorphic 
vector field w G TA4, 

(w, R(y, v)w) > for all v E TM P and all p E M . 

We call such curvature operator semi-positive.@ The curvature is called positive if the 
equality holds only when v = w = 0. In our case, the tensor (w,R(-,-)w) is strictly 
positive definite at almost every point on the moduli space. 



1 That the Ricci curvature of the Coulomb branch is positive semi-definite was noted in [|23| . 
Here we are making a stronger statement that the sectional curvatures are positive semi-definite. 
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For a generic point in the moduli space where the curvature is positive, we can show 
that a suitable superpotential exists that generates a metastable vacuum at the point. Of 
course, the superpotential has to be small so that it does not affect the Kahler potential 
significantly. Suppose we parameterize the moduli space using some coordinate system 
x l [i = 2, 3, • • • , N) near a point p. We may introduce the Kahler normal coordinates z l 
as 

z i = x H + \v) k x'^x' k + -g^diignrnT^x'ixV, (2.3) 

where connections are evaluated at p and (p). The expansion is terminated at 

the cubic order since higher order terms are not relevant for our purpose. Then the metric 
in the z coordinate system is 

9ij{z, z) = gq + Rf jk jz k z l + 0(z 3 ) , 

where ~ means evaluation at p. The inverse metric is given by 

gti(z, z) = g* + B?\ T z k z l + 0(z 3 ) . (2.4) 

Let us consider a superpotential W = kiZ 1 . Note that there are global coordinates for 
the moduli space. For example, u r = tr(<fi r ) are global coordinates in Af = 2 SU(N) 
gauge theory, and we can write down W in terms of u r by coordinate transformation. The 
corresponding superpotential is then expressed by replacing u r with ti((f) r ). 

Suppose hi is so small that corrections to the Kahler potential is negligible. Then the 
leading potential is given by 

V = g i3 kik-j + kik 3 Ff j kl z k z l + 0(z 3 ) . (2.5) 

If R is positive, the potential indeed gives a metastable vacuum at p. If R is semi-positive, 
there could be some flat directions. However, if ki is not along the null direction of R, 
and the tensor kikjR^.j has positive-definite eigenvalues, we get a metastable vacuum. 
Generically, these conditions can be satisfied. For example, in the semi-classical region of 
the Af = 2 SU (N) gauge theory without hypermultiplets, which we study in Appendix A, 
we can make metastable vacua at any point. On the other hand, in some other examples 
studied in Appendices, there arise some flat directions in ki because we choose a highly 
symmetric point, which is not sufficiently generic. Even in these cases, we can find a 
superpotential to generate a metastable vacuum by choosing ki appropriately. 
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Now, let us prove the assertion that the curvature R is semi-positive. Since we are 
interested in the local behavior, we can use a 1 (i = 2, 3, • • • , N) as coordinates in which the 
metric is given by 

g i3 = lmr tJ = Im^|- . 

In M — 2 SU(N) supersymmetric gauge theory, these a 1 are the periods of a meromorphic 
one-form describing the Coulomb branch. An important fact is that each is holomorphic. 
In components, we want to show 

w j w m gr hi R i jk fU k v l >0 for all v,w. (2.6) 

Since is holomorphic, 

R%1 = -di (9**9 j9 ) 

= -(dig^)d k g jq (2.7) 

= 9 qp 9 in dig P nd k 9 jq • 

Plugging this into the LHS of (|2T6|), 



[2.1 



since g^ p is positive definite. Therefore, ( |2.6|) is satisfied. For a given holomorphic vector 
field w, Pkq = w^dkGjq is holomorphic, so its determinant is only on a complex co- 
dimension one subspace of the moduli space unless it is a constant. Thus, generically 
PkqV k is nonzero for nonzero v, which implies Q2.8Q is strictly positive for any nonzero v. 
We found that the curvature is semi-positive and that the tensor w' J 'w m g^iR l k i is strictly 
positive definite at almost every point on the moduli space. 

The superpotential W = kiZ 1 can be expressed in terms of global coordinates of the 
moduli space, such as u r = tr(</> r ) for SU(N), by coordinate transformation near the 
metastable vacuum. Generally terms quadratic and cubic order in u r 's are needed (higher 
order terms are not relevant for the metastability), and the superpotential would contain 
multiple-trace operators. On the other hand, gauge theories realized in string theory often 
have superpotentials consisting of single-trace terms only |2^ , p7| , |28[| .B To see when the 



w J w™grn l g« p g ifl d I g pfi d k g jq -v k v l = w n g^dig vfl d k g 3 qV k v l 

= gW{wiv k d k g jq ){w™v l dign P ) > 



superpotential can be chosen as a sum of single-trace terms, let us consider Af = 2 SU (N) 
gauge theory. For SU{2), the situation is easy since any multiple-trace operator can be 



For discussion of theories with multiple-trace superpotentials, see [29]. 
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expressed in terms of a single-trace operator. This is not the case when the gauge group 
is SU(3). However, in this case, we can show that the superpotential W = kiZ 1 can be 
deformed in such a way that W turns into a single-trace operator without destabilizing the 
metastable point given by the bosonic potential V = g l i diWdjW . To see this, let u = tr</> 2 
and v = tr(/> 3 be the two coordinates for SU (3) and let u' = u — uq and v ' = v — v q 
be the coordinates centered at (uq,vq). We can express itj = tr</>* (i = 0,2,3, ■■■,9) 
as polynomials of u' and v' . They are all independent generically. To construct the 
superpotential that generates a metastable vacuum at u' = v' = 0, we can ignore terms 
that are quartic and higher order in v! and v ' . Hence Ui span a 9 dimensional subspace 
of the 10 dimensional cubic polynomial space. But the missing polynomial can be set to 
vanish by using deformation analogous to the one used in Appendix B.l, which does not 
disturb the metastability. For higher N, we have not been able to find out whether it is 
possible to construct a single-trace superpotential that can generate a metastable vacuum 
at a generic point in the moduli space. But at the origin of the moduli space, for any 
SU(N), the single-trace superpotential 



for small coupling constant A produces a metastable vacuum , where A is the scale of the 
gauge theory, as we show in Appendix B. 

2.1. SU{2) Seiberg-Witten theory 

We can apply our mechanism to produce metastable vacua at strong coupling regime. 
Let us demonstrate this at the origin in pure Af = 2 SU{2) gauge theory |^9| . We first 
construct an appropriate superpotential using the Kahler normal coordinate near the origin 
of the moduli space. Since all expressions for the periods and metric are given in terms 
of the hypergeometric functions explicitly, we can easily determine the effective potential 
produced by superpotential perturbation. Let u = trtfi 2 be the modulus of the theory. The 
elliptic curve that describes the moduli space of the SU (2) Seiberg-Witten theory is 




2 / 2 

y ={x 
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The periods of the theory are given by 
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where 

_ (gi - e 4 )(e 3 - e 2 ) 
(e 2 - ei)(e 4 - e 3 ) 

and 



ei = — a/ u — A 2 , e 2 = a/ w — A 2 , e3 = a/ u + A 2 , e 4 = — a/m + A 2 . 

The periods determine the metric in the a coordinate by 

dap /du 

T = . 

da/du 

We are going to use the metric in the u coordinate. This can be expanded near the origin: 



g uU = Imr 



da 2 



r(l + su 2 + su 2 - tuu) + 0(u d 



du 

where r = 0.174A" 2 , s = 0.125A" 4 and t = 0.0522A" 4 . 

We can use the Kahler normal coordinate z given by (|2.3| ) to choose a superpotential 

1 o 

W = mz 7 z = u + -su 

for small real coupling constant m. The corresponding effective potential is 

m 2 m 2 i 9,2 
V = = |l + su 2 \ . 

Qzz Quu 

The graphs for the potential are drawn in Figure 1 in two different scales. Although 
the metastable vacuum is visible when magnified near the origin, it can hardly be seen 
at the scale of the graph on the right. The potential is almost fiat near the origin, and 
the metastable vacuum is generated by a tiny dip! Interestingly, this is not due to some 
small parameters of the theory. Actually, other than the scale A, there are no additional 
parameters that we can put in the theory if we consider a metastable vacuum at the origin. 
The near-flatness of the potential around the origin is generated without fine-tuning. 
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Figure l:The appearance of a metastable vacuum at the origin. Note difference of scales. 



We can consider a more general superpotential 

W = mz + \az 2 + \(3z 3 . (2.9) 

We have to set a = to have a local minimum at z = 0. Using ( |2.4j) , the effective potential 
V = g zz \dW/dz\ 2 becomes 

V = m 2 Rzz + mg ua f3zz + mg ua (3zz + constant + 0(z 3 ) , 

where R = R zz zS = R uu U u = ~ 9 uu 9ud u log g U u = 0.150A -2 . In this case, it is straightfor- 
ward to read the range to have a local minimum at z = 0. We need 

mR±2g uU /3 > 0. 

Hence 



< 9u % R = 0.0261A 4 . In the u coordinate system, ( EO| ) becomes 

+ 0(u 4 ) . 



W = m 



u+l(s + — )u 3 
6 \ m 



So, we want s + p/m to lie between (0.125 ±0.0261)A -4 . We can confirm numerically that, 
precisely in this range, do we have a metastable vacuum at the origin. 

We can consider also a superpotential that makes a metastable vacuum at some point 
other than the origin. This is possible for any points because the curvature is positive 
everywhere except at the two singular points, where it diverges. Also, for SU{2) case, any 
polynomial of u can be expressed as single-trace form. 

Now that we have found a metastable vacuum, we want to check its longevity. Notice 
that the SU(2) Seiberg-Witten theory has only one dimensionful parameter A. In Figure 
1, we have set it to be 1. If we change this, the coordinate u in the graph scales. Therefore, 
by sending the scale A to some limit, we may have a long-lived metastable vacuum at the 
origin. To see this, consider slices of the potential around the origin. Cutting through the 
real and imaginary axes, the potential looks like Figure 2: 



V V 




Figure 2:The real and imaginary slices of the potential through the origin, shown in two different 
scales. 



We see that the characteristic feature of the graph is that it gets really flattened near 
the origin, and the local minimum at the origin and the peak of the graph are almost of 
the same height. But the distance between the origin, where the metastable vacuum is 
located, and the supersymmetric vacua can be arbitrarily large by setting A large. In such 
a case, we use the triangular approximation [|30|] instead of the thin-wall approximation 
3lf| . The tunneling rate is proportional to e~ s where 



S~^, (2.10) 

where Au is the distance between the peak and the origin and, and V+ is the difference 
of the potentials between at the peak and at the origin. We insert A to make the u field 
of dimension 1. Au is proportional to A 2 . V+ is proportional to the mass parameter m 
in ( |2.9|) . Therefore, we can make the bounce action arbitrarily large: we choose m and A 
such that ra/A <C 1. This limit accords with our assumption that we have added a small 
M = 2-to-A/" = 1 supersymmetry breaking term. 

Since the superpotential W = m (u + ^su 3 ) has a cubic interaction, it introduces 
supersymmetric vacua when u = uq = ±y— ijs- We have to consider the tunneling rate 
to decay into those vacua. However, the distance from to uq is also set by the scale A. 
Therefore, for sufficiently large A, the decay process is arbitrarily suppressed. 
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3. Decay rate of metastable vacua 

In the previous subsection, we considered the decay rate of the metastable vacuum at 
the origin of the moduli space of the SU (2) Seiberg-Witten theory. Extending the idea, let 
us estimate the decay rate of metastable vacua constructed using the curvature for a general 
M = 2 theory. We do not have an explicit expression for the effective potential. However, 
we can make a general argument that metastable vacua can be arbitrarily long-lived by 
choosing parameters appropriately. Note that whenever there appears a massless monopole 
or dyon in the moduli space, the metric diverges. In such a case, the effective potential 
vanishes and we get a super symmetric vacuum at that point. The set of super symmetric 
vacua is a sub-variety of the moduli space. Additionally, the superpotentials introduce 
more supersymmetric vacua. Therefore, it is difficult to compute the exact tunneling 
rate. But we can estimate its dependence on the scale A and the typical scale of ki. We 
consider the most efficient path to go from the metastable vacuum to a supersymmetric 
one. We expect that the shapes of such 1-dimensional slices enable us to use the triangular 
approximation []3"0|j , just as in SU(2) case. ( |2.10| ) in this case becomes 



S^. (3.1) 

Here AZ is the distance between the metastable and supersymmetric vacua in z coordi- 
nates, scaled by some power of A to have a mass dimension 1, and V+ is the difference 
of the effective potentials between at the metastable and supersymmetric vacua. Since 
the metric of the moduli space is determined by one dimensionful parameter A, (AZ) 4 is 
proportional to A 4 . If the coordinates x in ( |2.3| ) has mass dimension n, the typical value 
of the potential goes like kf A 2n_2 (each xi might have different dimensions, e.g. u r = trcj) r 
for SU(N) case, but they can be made to have the same dimension by multiplying A ap- 
propriately). Then the bounce action S scales like A 6 ~ 2n /k 2 . As long as this quantity is 
large enough, metastable vacua are long-lived. 
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Appendix A. Semi-classical consideration 

Although it is very complicated to derive explicit geometric quantities for general 
points of the moduli space of Af = 2 SU (N) supersymmetric gauge theory, there are simple 
expressions available in the semi-classical region. This is the region where only perturbative 
corrections are enough. For simplicity, we consider the case without hypermultiplets. Since 
there is a possibility that the curvature is semi-positive and the flat directions are not lifted 
for any choice of fcj in W = kiZ % , it is useful to see that this actually does not happen in 
this regime. In the semi-classical approximation, we have to consider the region in which 
each Ai in ( [2.1| ) is different from each other to prevent enhanced gauge symmetry. The 
prepotential F(A) in ( pTT| ) is given by, up to nonperturbative corrections [[32j , 



N J ' 4tt^ v 1 3J to A 2 

i<3 



Here A{ are the coordinates of a point p in the moduli space. Of course, they are not 
independent and subject to the constraint Y2i = 0. From this, it is straightforward to 
derive the various metric and their derivative components. In particular, the curvature 
does not vanish and is of order 0(g ). Hence we see that the nonzero curvature is induced 
by the perturbative effects. The derivatives of the metric are given by 



Q k g._ _ J_ ( S--S k 1 Sjq _ $jk ~ Sqk 

2n \ ^ Aj — A m Aj — Ah Aj — Aq 



n i 



If we contract this with a vector at p, 

Pm = ^S kgrq = -^l K - x -^y M - T — Tii , (A.i) 

where we implicitly omit terms whose denominators vanish. Note that this is precisely the 
expression that entered (|2.8|) . Pkq in ( |A.1| ), treated as a matrix, is nonsingular at least at 
one value of uP: When u> J = Aj, 

Pk ~ q = 2^ { Skq ~ N 

which is non-degenerate (note that the vector (1, • • • , 1) does not count). This implies Pkq 
is non-degenerate for generic choices of wK In Q2.8Q , g^ p is positive definite. So the equality 
holds only when v = for the above given w. Therefore, we can choose a superpotential 
to make a metastable vacuum at any point in the semi-classical regime. 
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Appendix B. Metastable vacua at the origin of the SU(N) moduli space 

In section 2, we showed how our mechanism applied to the simplest case when the 
gauge group is SU{2). We can extend this to the more general SU(N). For simplicity, 
we will consider the SU(N) theory without hypermultiplet. Though it is hard to find an 
explicit form of the moduli space metric for the SU(N) theory and compute its curvature, 
it turns out to be possible at the origin of the moduli space. This result in turn determines 
the normal coordinates and hence the superpotential which generates a metastable vacuum 
at the origin. Later, we consider a deformation of the superpotential so that it becomes a 
single-trace operator. 

Let u r = tr(4> r ), i = 1, • • • , N. These parameterize the moduli space. They become 
u r = J2i( a i) r & t wea k coupling where are the expectation values of the eigenvalues of 
the chiral supermultiplet. It is more convenient to use the symmetric polynomials whose 
expressions at weak coupling are given by 



(-iy a it--- a in r = 2,---,N. 



ii<-"<t r 

At strong coupling, these are defined by 



r 

>' s . 

a=0 



r + ^2 S r-aU a = 0, T = 1, 2, • • • . (B.l) 



The moduli space are given by the elliptic curve [BTLB2I: 



N 

y 2 = P(x) 2 - A 2 where P(x) = ^ s a x N ~ a . (B.2) 

a=0 

At the origin of the moduli space, all s r = and P(x) = x N . sq is defined to be 1 and 
si = for SU(N) case. 

We choose the basis cycles ctj and (3j such that their intersection form is (ctj, (3j) = Sij, 
i,j = l,---,N—l. Then 

where 

A= J2(N-a)s a x N - a — . 

a=o y 
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There is an overall constant in front of A which can be determined by examining the classical 
limit. But it can be absorbed in the coefficients k a in the superpotential W = k a z a . So 
the exact coefficient is not necessary. Since 

d\ x N ~ a , fx N+1 ~ a 
+ d 



ds a 

the differentials of cid and a are 



ddDi f x N 01 ddj f x N ~ " 



(B.4) 



ds a J a . y ' ds a Jp. y 

Since we are going to compute the connection and curvature at the origin, we also need 
expressions for multiple differentiation. Differentiating the above equation with respect to 

sp, 

° -P(x)x N ^dx 



ds a dsp y 3 

= y2s P x " ' ' dx 

P =o y 

where ~ means equality up to exact pieces. Differentiating once more, 



v r 3N-a-/3-p 



2 s p g P(xjdx H g dx . 



These are general expressions. Now we consider the values at the origin of the moduli 
space. Using the relations 

/ x N-k\ x N-k-l jy x 3N-k-l 

d I ) = (N - k) dx ^ dx 

\ y ) v y 6 

/ x 3N-k\ x 3N-k-l 3A^X 57V_fc_1 

d ( 5 — ) = (3A^ — k) 5 dx = dx , 

V y 3 J y 3 y 5 

it follows that 

d 2 X N - a - (3 + 1 x N ~ a -l 3 



ds a dsp N y dx 

d 3 X (a + (3 + 7 - 2N - 1)(N - a - - 7 + 1) x^ ""- 7 



(B.5) 



dx 



ds a dspds 1 N 2 y 

When the moduli are set to the origin, the curve is given by y 2 = x 2N — 1. Here we set 



the scale A of the theory to 1. We place the branches on the unit circle as follows [33 , 34 
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The n-th branch lies along the angle %(2n — 2) to jr(2n — 1). The a n cycle encloses the 
n-th branch. The 7 n cycle runs between n — 1 and n-th branches (indices are modulo n). 
For example, when N = 4, the branches are distributed as in Figure 3. 




Figure 3:The cycles at and 7i, and the branches for the moduli s a = when N = 4. 



We choose the cycles (3 n by 

i<n 

Then the intersection matrix for a m and /3 n are given by (a m , (3 n ) = 5 mn . Since we are 
considering the moduli space at the origin, the periods have many relations among each 
other. These eventually determine all periods in terms of one function. Let's start with 
the period 

da Dm I x N ~ a 

-ax 



ds » Ja m y 

27r(m-i)/JV p iB{N-a) e iB 



= -2 / idB . 

J2n{m-l)/N Ve 2 * Nd - 1 

By changing integration variables, we get the recursion relation 

ddDm+l _ 2nA(N-a+l)d a Dm 

ds a ds a 

That is, 

daDm _ c ^i (N _ ct+1)(m _ 1) da D i 
ds a ds a 

and the same relations hold for their differentiations with respect to s/jfresp. sp and s 7 ) 

by replacing a with a + /3(resp. a + (3 + 7). Also, an analogous result can be drawn for a 
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by using the cycle (3 n in ( |B.6|) . Moreover, am and a\ are related by 

dai _ c -i£( N - a+1 ) da D1 
ds a ds a 
d 2 ai _ ifi(N- a -p + i) d 2 a D i 
ds a ds/3 ds a ds{3 

^ 3a l „-i&(N-a-B-y+l) 9 3 a D i 



ds a ds f3 ds 1 ds a dspds 1 ' 

which can also be obtained by change of integration variables. So, let us define 

fir/N iO(N-a+l) 

h(a) = 2 / d9 
V ' Jo Vl - e 2Nie 

so that 

da D1 

^ = ~ h{a) ■ 
The rest are determined by the above relations. 
The metric is given by 

1 / da Dj ddj daj da Dj \ 

By substitution, we reach 
where 

1 N-l i 

A - =_ V ST p ^[(N- a +l)(i-l)-(N-p + l)(j-l) + ±(N-P+l)} 



i=l j=l 
N-l 



J_ ^ ^2 e ^[(N-a+l)(J-l)-(N-^+l)(i-l)-^(N-a+l)] _ 



2i 

i=l j=l 

The summation can be done straightforwardly. This is nonzero only when a = (3 provided 
ot,j3<N. Evaluating when a = (3, we get 

- N 
2 sin y N ' 

When evaluating d 1 g a p, we get a very similar expression but with A a+ p instead of 
A a s. Since a + 7 can be N + 1, in which case A a+ 5 is non-zero, it may cause a 
problem. But, fortunately, such terms do not contribute by (|B.5| ). A p+ry+a ^ is nonzero 
when p + / y + a = /3 + 2N and we have to take this into account. 
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The results of the computation are summarized as follows: 



N 



9 a p =5 ^ n ^_ < p_ 1) W)Y 
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2 sin- N 
2cin ^~ 1) 

^ =6*0 \ T N W)\- 2 



N 



-S. 



N-(3 + l 



2 sin 



N 



d P d-y9 a p 



-5 



(N-P + 1)(J3-2N-1) 



+ 5 



p+~f+a,(3+2N 



2iVsin 
0-1 



r(/9~l) 
N 



2iVsin 



(B.7) 



ds d i9pp 

r 



(N-/3- 1 + l) 



2iVsin 



N 
2 



R 



Pi 



Pi& 



--9 a5 df39 



N 

N -a+ 1 



7<5 



iV 



--9 ap 9 qp ds9 q pd 1 gpp - g ap d s d y gi3p 



_ c _ (JV-a-a+l£ 



N 2 



h(a+6) 
h( a ) 



2 Trfof-ll 

sin — — i 







ir(a + 5-l) 
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for a + 5 > N 
otherwise 



Let us try W = Xs a as our starting superpotential where A is a small coupling constant. 
Due to the curvature formula, R a a ^ for fixed a is a diagonal matrix with some zeroes on 
the diagonal unless a = N. Hence the only plausible case is W = Xsn- In this case, 



(5- l) 2 h(N + 5 ) 
Nj6 -%5— p h(Nj 



2 



sin 



r(*-l) 
N 



(B- 



which is manifestly positive-definite. 

The correction we need to add to make a normal coordinate is given by (|2.3|) . Using 
the following values 



dct9N-a,N 
dad@9N-ot-P,N 

9n9n9n n 



1 



■\h(N)\'< 



2 sin N 
1 N + l 
2 sin § N 



\h(N)\' 



1 (N-l) 



2 sin 



N 



N 



■\h{N)f 
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we have 



tt, x n x I 1 V- N+l ^ (N-l) 2 . . 3 \ 

M/ = A^ =A SJV -— ^ SqS/3 + __^ ^ SqS/3S7 + ___( S7V ) . 

V ot+/3=N a+/3+j=N ' J 

(B.9) 

In the case N = 2, we have W = Xu + ^A-u 3 , u = — S2, which is the superpotential 
that we used to check the metastability for SU(2). 

B.l. Deformation to a superpotential with single-trace terms 



The superpotential (|B.9|) is not a sum of u r where u r = tr(<fi r ). Actually, s a is given 
by the implicit relation (|B.1|) and there are quadratic and cubic terms in s in (|B.9|). For 



N = 2 and 3, the superpotentials are already of single-trace type because we have few 
independent coordinates (§2, • ■ ■ , sjv). For N = 2, it is trivial. Let us consider N = 3. 
Here, all d a gp ^ vanish since a + (3 = 3 cannot be satisfied both being greater than or 
equal to 2. Considering other terms also similarly, the only terms we get are S3 and (S3) 3 . 
S3 = — U3/3 and (S3) 3 = — wg/3 up to cubic orders of 112 and 113. But, for large N, this 
does not work. So we have to consider a deformation. 

We will first consider a general deformation and apply this to our case. Given a 
superpotential W = k a z a , consider a deformation of the form 

W = kaZ « + ^L Z * Z P + ^L z » z P z f . (B.10) 
2 3 

We may add quartic or higher degree terms in z. This will not change the local behavior of 
the leading potential near p, however. From the inverse metric ( |2.4j) , the leading effective 
potential is given by 

V = (g aE + R a \- X z p z^ (k a + a a ^ + P^tPz 1 ) (kg + a^z? + fajrfPiP) 

= k a k a + a^z 13 + a &0 k & z ? + (3 a ^k a z^z^ + fi m khh^ (B.ll) 
+ (k p k- x R p ~ x p - + a a pa a ^ z^z^ + 0(z 3 ) , 

where g a @ and g a s are used to raise and lower indices. All tensors are evaluated at the 
origin. If we demand a deformation leave the local minimum invariant, a a p should satisfy 



a/3 



k p = 0. (B.12) 
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Given such a a p, ( |B.11|) becomes 

V = k a k a + M a - p z a z~ p + L^z 13 + L^zP , (B.13) 

where M a p = k p kgR p5 a ^ + a ia a 1 ^ and L a p = k 1 (3 ia p. The second term is positive 
definite, so it tends to give a local minimum at p. But the last two terms develop tachyonic 
directions. So, roughly, when (3 lce p is smaller than the order of k p R P ia/3 schematically, we 
have a metastable minimum. 

We now consider a specific deformation. Note that the last term of ( |B.9| ) can be 
converted into — ^j^r (^-jv) 3 to cubic order and this is 

(N — l) 2 

U3N 



6N 3 

to the same order.! So the last term is fine. That is, if we express usn i n terms of 
it 2 , • ■ ■ , ttjv, we have a term ^(wat) 3 , but all other terms are of quartic and higher orders. 
To deform the first three terms of (P-9| ), note first that, from (P . 1| ) , 

N-l 

UN = -Ns N - 2j s N - a u a 



Q = l 

N-l a-1 



Therefore, 



-Ns N - 2J s N - a (-as a - 2J Sa-pup) 

a=l 13=1 
N-l N-l a-1 

-Ns N + aSN-aSa - ^ ^ (3 S N - a S a - pS p + 0(s 4 ) . 

a=l a=l 0=1 



1 1 . 1 

— u N = -s N + - ^2 s c C sp-- ^2 s ^sps 1 + 0(s 4 ) . (B.14) 

a+{3=N a +f3+ 1= N 



We can invert (|2.3|) and get 



s p = z p - ^dpg^z" + 0(z 3 ) . (B.15) 



We will consider a superpotential 



W = X [^ u n+ { -^j^^n) (B.16) 



3 Actually, the chiral ring is modified due to instantons as discussed in appendix A of [ |35[ . We 
will discuss this effect later. 
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for small coupling constant A. Note that we have set the scale A of the theory to 1. 

This is indeed a sum of single-trace operators. We will see that this superpotential 
produces a metastable vacuum at the origin. Note that (sn) 3 = —jj^sn + 0(s 4 ). Using 
( [B.9| ), ( |B.14[ ) and (|B.15| ), we can express W in terms of z a : 



- X - 1 W=z N + 1 —^ Y z a z p 

a+p=N 

^ ' a+(3+i=N a+5=N 

Referring to ( p.lOj ), the deformation corresponds to 

x-i 1 ~ N X 
—A a a p — — — — O a+ p y N 

(l Bp* (R17) 

V J S,p 

where (• • •) in indices denotes symmetrization. 

When we deform the superpotential W according to ( |B.10| ), the tree level potential is 
given by ( |B.11|) . From this, we see that deformations given by a a p and (3 a p-y such that 

(Xaffk 13 = 

(B.18) 

(3 a p-fk J = 

leave the metastable vacuum at the origin of the effective potential. Since the metric is 
diagonal at the origin, these amount to requiring a a N = (3 a pN = 0. Note that g 5 ? vanish 
unless 5 = p and d 1 gpp vanish unless 7 + (3 = p. Considering all combinations of indices, 

Ct-aN = PafiN = 0. 

As noted before, we also have instanton corrections on the chiral ring. Quantum 
mechanically |35 ] , 



«s* = V ( 2m ) A 2Nm — I z 3N -^-dz , 

where C is a large contour around z = 00. 

The m = term gives the classical relation, i.e. U3N = j^(un) 3 + 0(w 4 ). The m = 1 
term gives the instanton correction. This changes the coefficients a a p and f3 a p-y However, 
the relations ( ]B.18| ) are still satisfied since the additional contribution to a a p(resp. fiap-y) 
occurs only when a + (3 = A^(resp. a + (3 + 7 = N). We conclude that the superpotential 
( P.16| ) gives a metastable vacuum at the origin. 
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Ot a (3 = — — da+/3,AT 



B.2. Large N behavior 

The first and the second terms of (|B.16|) are both of order iV -1 when expressed in 
terms of s a . Hence we may consider a deformation that eliminates the second term. This 
turns out not to be possible. 

Since A is just an overall coefficient, we can set it to -1 in the following discussion. 
Note that u^n is —N(z N ) 3 in z a coordinates to cubic order. Hence ( |B.17|) change to 
1-N 

Ja+f3,N 

N+1 \x *x *P* (B.19) 

2 yy 2 J d a+/3+-y,N - d<JN-5,( a g 0-y9/3)p d oc,N0/3,N0 1 ,N ■ 

Since we have shown that ot a N — PafiN = were it not for the additional term, we have 

(iV-1) 2 

(3 a /3N = °a,N()p,N ■ 

Then L a p = g NN (3 a pN in ( |B.13| ) are all zero except when a = (3 = N and 

(iV-1) 2 sin^ 
~~ iV 3 \h{N)\* • 
Since h(N) ~ 1/AT, this scales like for large N. But M Q/ g are given by, using 

M a0 = R N % + ayacfp = g N *R N Na p + 

2(^-1)2 \h(N + P)\ 2 (sinf ) 2 



K " AT3 m) f sin ZL(£zi) 

+ (^) 2 E^^ imt)|- 2 ww ■ 

M a p are diagonal and the second term vanishes when a = j3 = N '. Therefore, 

__ 2(N-l)*\h(2N)f tt 

Since h(2N) scales like iV -2 , M N ^ scales like A^ -2 . Since L^n introduces saddle point 
behavior at the origin along the iV-th direction and M N ^ is not large enough to lift it, 
the metastability could not be maintained in the large A" limit if we did not include the 
second term of ( |B.16| ). Actually, Lnn /M N fi > 1/2 for all A" (we have explicit formulae), 
so we cannot remove the second term of ( |B.16| ) for any N. 

The components of ( |B.8| ) is of order A^ -2 when 7 = S is near A" and of order A^ _1 
when 7 = 6 is near N/2. So although the metastable vacuum at the origin persists for any 
finite N, the mechanism to make metastable vacua using the curvature becomes harder 
and harder to implement as A" increases in the current setup. 



19 



References 



[1] K. Intriligator, N. Seiberg and D. Shih, "Dynamical SUSY breaking in meta-stable 
vacua," JHEP 0604, 021 (2006) ||arXiv:hep-th/0602239|| . 



[2] T. Banks, "Remodeling the pentagon after the events of 2/23/06," |arXiv:hep- 
| ph/0606"313| . 

[3] R. Kitano, "Dynamical GUT breaking and mu-term driven supersymmetry breaking," 

Phys. Rev. D 74, 115002 (2006) ||arXiv:hep-ph/0606129|| . 
[4] M. Dine and J. Mason, "Gauge mediation in metastable vacua," |arXiv: hep-ph /0611312 



[5] R. Kitano, H. Ooguri and Y. Ookouchi, "Direct mediation of meta-stable supersym- 
metry breaking," Phys. Rev. D 75, 045022 (2007) ||arXiv:hep-ph/0612139| . 



[6] H. Murayama and Y. Nomura, "Gauge mediation simplified," arXiv: hep-ph/ 0612 186 



[7] C. Csaki, Y. Shirman and J. Terning, "A simple model of low-scale direct gauge 
mediation," |arXiv: hep-ph / 06 1 2 24 1 



[8] K. Intriligator, N. Seiberg and D. Shih, "Supersymmetry breaking, R-symmetry break- 
ing and metastable vacua," |arXiv:hep-th/0703281| . 

[9] S. Franco and A. M. Uranga, "Dynamical SUSY breaking at meta-stable minima from 
D-branes at obstructed geometries," JHEP 0606, 031 (2006) ||arXiv:hep-th/0604136 |. 



[10] H. Ooguri and Y. Ookouchi, "Landscape of supersymmetry breaking vacua in geomet- 
rically realized gauge theories," Nucl. Phys. B 755, 239 (2006) ||arXiv:hep-th/ 0606061 



[11] H. Ooguri and Y. Ookouchi, "Meta-stable supersymmetry breaking vacua on inter- 
secting branes," Phys. Lett. B 641, 323 (2006) ||arXiv:hep-th/0607183 |. 



[12] S. Franco, I. Garcia-Etxebarria and A. M. Uranga, "Non-supersymmetric meta-stable 
vacua from brane configurations," JHEP 0701, 085 (2007) ||arXiv:hep-th/0607218|| . 

[13] I. Bena, E. Gorbatov, S. Hellerman, N. Seiberg and D. Shih, "A note on (meta)stable 
brane configurations in MQCD," JHEP 0611, 088 (2006) ||arXiv:hep-th/0608157|| . 

[14] R. Argurio, M. Bertolini, S. Franco and S. Kachru, "Gauge/gravity duality and 
meta-stable dynamical supersymmetry breaking," JHEP 0701, 083 (2007) ||arXiv:hep^ 

| th/0610212|| . 

[15] R. Argurio, M. Bertolini, S. Franco and S. Kachru, "Metastable vacua and D-branes 
at the conifold," |arXiv:hep-th/0703236 . 



[16] T. Kawano, H. Ooguri and Y. Ookouchi, "Gauge mediation in string theory," 

|arXiv:0704. 1085| [hep-th]. 
[17] A. Giveon and D. Kutasov, "Gauge symmetry and supersymmetry breaking from 

intersecting branes," arXiv:hcp-th/0703135 . 



[18] N. Seiberg, "Electric - magnetic duality in supersymmetric nonAbelian gauge theo- 
ries," Nucl. Phys. B 435, 129 (1995) ||arXiv:hep-th/9411149 . 



20 



[19] N. Seiberg and E. Witten, "Electric - magnetic duality, monopole condensation, and 
confinement in M = 2 supersymmetric Yang-Mills theory," Nucl. Phys. B 426, 19 
(1994) [Erratum-ibid. B 430, 485 (1994)] [ |arXiv:hep-th/9407087| . 

[20] N. Seiberg and E. Witten, "Monopoles, duality and chiral symmetry breaking in M = 2 
supersymmetric QCD," Nucl. Phys. B 431, 484 (1994) ||arXiv:hep-th/ 9408099; . 



[21] A. Klemm, W. Lerche, S. Yankielowicz and S. Theisen, "Simple singularities and 
J\f = 2 supersymmetric Yang-Mills theory," Phys. Lett. B 344, 169 (1995) ||arXiv:hep 
th/9411048 



[22] P. C. Argyres and A. E. Faraggi, "The vacuum structure and spectrum of M = 2 
supersymmetric SU(n) gauge theory," Phys. Rev. Lett. 74, 3931 (1995) ||arXiv:he"j> 
| th/9411057|| . 

[23] H. Ooguri and C. Vafa, "On the geometry of the string landscape and the swampland," 

Nucl. Phys. B 766, 21 (2007) ||arXiv:hep-th/0605264 |. 
[24] L. Alvarez-Gaume, D. Z. Freedman and S. Mukhi, "The background field method and 

the ultraviolet structure of the supersymmetric nonlinear sigma model," Annals Phys. 

134, 85 (1981). 

[25] K. Higashijima and M. Nitta, "Kaehler normal coordinate expansion in supersymmet- 
ric theories," Prog. Theor. Phys. 105, 243 (2001) ||arXiv:hep-th/0006027|] . 

[26] F. Cachazo, K. A. Intriligator and C. Vafa, "A large N duality via a geometric tran- 
sition," Nucl. Phys. B 603, 3 (2001) ||arXiv:hep-th/0103067| . 

[27] S. Kachru, S. H. Katz, A. E. Lawrence and J. McGreevy, "Open string instantons and 
superpotentials," Phys. Rev. D 62, 026001 (2000) ||arXiv:hep-th/9912151|| . 

[28] F. Cachazo, B. Fiol, K. A. Intriligator, S. Katz and C. Vafa, "A geometric unification 
of dualities," Nucl. Phys. B 628, 3 (2002) ||arXiv:hep-th/0ll0028| . 

[29] O. Aharony, M. Berkooz and E. Silverstein, "Multiple-trace operators and non-local 
string theories," JHEP 0108, 006 (2001) ||arXiv:hep-th/0105309 . 



[30] M. J. Duncan and L. G. Jensen, "Exact tunneling solutions in scalar field theory," 

Phys. Lett. B 291, 109 (1992). 
[31] S. R. Coleman, "The fate of the false vacuum. 1. semiclassical theory," Phys. Rev. D 

15, 2929 (1977) [Erratum-ibid. D 16, 1248 (1977)]. 
[32] N. Seiberg, "Supersymmetry and nonperturbative beta functions," Phys. Lett. B 206, 

75 (1988). 

[33] M. R. Douglas and S. H. Shenker, "Dynamics of SU(N) supersymmetric gauge the- 
ory," Nucl. Phys. B 447, 271 (1995) [|arXiv:hep-th/9503163|| . 



[34] G. L. Alberghi, S. Corley and D. A. Lowe, "Moduli space metric of Af = 2 super- 
symmetric SU(N) gauge theory and the enhancon," Nucl. Phys. B 635, 57 (2002) 
|arXiv:hep-th/0204050 |. 



[35] F. Cachazo, M. R. Douglas, N. Seiberg and E. Witten, "Chiral rings and anomalies 
in supersymmetric gauge theory," JHEP 0212, 071 (2002) ||arXiv:hep-th/0211170[1 . 



21 



